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Proper Graph Color-
ing

Improper Graph Col-
oring

Definition | No two adjacent ver- | Two or more adjacent
tices have the same | vertices have the same
color color
O—6—0 |00

NG NGV
(O——0 | (O—&—©

Example N N
Applications | Many practical applica- | Not applicable for many

tions such as schedul-
ing, frequency assign-
ment and register allo-
cation

practical problems as
it does not satisfy the
condition of no adja-
cent vertices having the
same color.
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Figure 1: Map Coloring (Source :- Google Search)?

1 https://commons.wikimedia.org/wiki/File:Indiamapur.jpg#/media/File:Indiamapen.svg /
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Figure 2: Timetabling (Source :- |IT Bhilai)

Rishi Ranjan Singh Graph Coloring Problems rishi@iitbhilai.ac.in



Rishi Ranjan Sin Graph Coloring Problems rishi@iitbhilai.ac.in



Figure 3: Sudoku Puzzle (Source :- Google Search)

2https://commonsAwikimediaA()rglwiki/FiIe:Sudoku _Puzzle_(18_clue_-_R828-S09).png
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Figure 4: Sudoku Graph (Source :- Google SearcR)

3https://upload.wikimediaorg/wikipedia/commons/5/5(3/4>(4 _Sudoku_graph.svg
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Register allocation in compilers
Round Robin Tournament Scheduling
Flight Scheduling

Scheduling of municipal waste collections
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K-colorable (k-COL): If a graph G can be colored with k
colors.
Graph Coloring Problems: Is a graph G k-colorable?

X(G) : Vertex Chromatic Number
X'(G): Edge Chromatic Number (Chromatic index)
X"(G) : Total Chromatic Number

A trivial relation between X™G), x{G), and X(G)

XG) = x(G) + X(G).
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®e) 16+ (G):
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Few Bounds
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Lower Bound: Based on Independence Number

Let a(G) be the independence number of graph G, and V is the

vertex set, then
_ VI

X©)= 5@y

.

Lower Bound: Based on Clique Number

Let w(G) be the clique number of graph G, then

X(G) = w(G).

€

4Korman, S.M., 1979. The graph-colouring problem. Combinatorial optimization, pp.211-235.
5Lewis, R., 2015. A guide to graph colouring (Vol. 7). Berlin: Springer.
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Lower Bound: Based on number of vertices and edges

Let G = (V,E) be the given graph, then

\45

X®)= V-2l

Upper Bound: Based on number of vertices and edges
Let G = (V,E) be the given graph, then

| A

—
(6 =14 ZENVI=D)
< =

€
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Trivial Upper Bound: Based on maximum degree ©

Let G be a graph and the maximum degree is A, then

X(G)=A+1.

More Refined Upper Bound: Based on maximum degree’, &

Let G be a graph other than an odd-length cycle or a complete
graph, and the maximum degree is A, then

X(G) = A.

\,

6Ore, 0., 1962. Theory of Graphs, vol. 38. In American Mathematical Society Colloquium Publications.

7Brooks, R.L., 1941, April. On colouring the nodes of a network. In Mathematical Proceedings of the
Cambridge Philosophical Society (Vol. 37, No. 2, pp. 194-197). Cambridge University Press.

sLova'sz, L., 1975. Three short proofs in graph theory. Journal of Combinatorial Theory, Series B, 19(3),
pp.269-271.
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Let G=(V;E) be a graph. Let the vertices be labeled from 1 t
jV|j as per non-increasing order according to degree. d@) be
the degree of vertex. Then,

(G) . rr|1ja)\(/J min[d(i) +1;i]:

9Welsh, D.J. and Powell, M.B., 1967. An upper bound for the chromatic number of a graph and its
application to timetabling problems. The Computer Journal, 10(1), pp.85-86.
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Mathematical Formulations
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xXo

min : Yk (1)
k=1
X

sit:: Xik =1 8v,2V (2
k=1
Xik T Xk 1 8(Vi;Vj) 2E 3)
Yk Xik 8vi2V;k=1;2, ;n (4)
Yi; Xk 2 T 0;1g 8vi2V;k=1;2, ;n (5

yk = 1 if color k is used.

xik = 1 if color k is assigned to vertey;.
Polynomial number of variables and constraints.
Optimal solution is the chromatic number.

loPardans, P.M., Mavridou, T. and Xue, J., 1998. The graph coloring problem: A bibliographic survey.
Handbook of Combinatorial Optimization: Volumel{3, pp.1077-1141.

Rishi Ranjan Singh Graph Coloring Problems rishi@iitbhilai.ac.in



min : (6)
stiloX 8vi2V (7)
Xi X 1 n jj 8(Vi;Vj) 2 E (8)

X X 1 n(1 ij) 8(Vi;Vj) 2 E 9)
x22* 8vi 2 V (10)

ij 210,19 8vi;v 2V (1)

X is the color assigned to vertex.

No feasible value ofj will satisfy constraint 8 and 9 if
Xi = X for (vi;v)) 2 E.

Polynomial number of variables and constraints
Optimal solution is the chromatic number
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Xt

min : S (12)
j=1
Xt

sit:: gjs =1 i=1;2; 'n (13)
j=1
§2f0;1g ji=1;2 it (14)

S1;S; ;S be all possible independent sets.
§ = 1if § is chosen color class

gj = 1if vertex v; 2 §.

Exponential number of variables.

Convenient for Column Generation approath.
Optimal solution is the chromatic nhumber.

11Mehr0tra, A. and Trick, M.A., 1996. A column generation approach for graph coloring. Informs Journal on
Computing, 8(4), pp.344-354.
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Algorithms ad Heuristics
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