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Network Design
under Equilibrium Constraints

g

£ Max Klimm
& Humboldt University Berlin

Joint work with M. Gairing and T. Harks




— Selfish flows

» Graph G = (V, E)
> edge cost functions ¢, : R, —R, /

(strictly increasing, semi-convex, differentiable)

> commodities (s;, 1;, d;) € VXVXR. /
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— Selfish flows

» Graph G = (V, E)
> edge cost functions ¢, : R, —R, /

(strictly increasing, semi-convex, differentiable)

> commodities (s;, 1;, d;) € VXVXR. /

Definition — Wardrop equilibrium
Multicommodity flow f = (f; p) with

zeEP Ce(fe) < ZeeQ Ce(fe)
for all (s;t;)-paths P,Q with f; p > 0.
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— Selfish flows
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» Graph G = (V, E)
> edge cost functions ¢, : R, —R, /

(strictly increasing, semi-convex, differentiable)

> commodities (s;, 1;, d;) € VXVXR.

Definition — Wardrop equilibrium
Multicommodity flow f = (f; p) with

zeEP Ce(fe) < ZeeQ Ce(fe)
for all (s;t;)-paths P,Q with f; p > 0.

c.(x)=x forall e
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— Selfish flows

» Graph G = (V, E)

> edge cost functions ¢, : R,—»>R,
(strictly increasing, semi-convex, differentiable)

> commodities (s;, 1;, d;) € VXVXR.

Definition — Wardrop equilibrium
Multicommodity flow f = (f; p) with

ZeeP Ce(fe) < ZeeQ Ce(fe)
for all (s;,t;))-paths P,Q with f;p > 0.
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M. Klimm: Network design under equilibrium constraints | 3 —I



— Braess’ Paradox
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— Braess’ Paradox
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AT otravel time: 150

gtravel time: 200

M. Klimm: Network design under equilibrium constraints | 4 —I



How can road networks be designed

so that good equilibria emerge?




— Continuous network design problem

» Graph G = (V, E)

> edge cost functions ¢, : R,—»>R,
(strictly increasing, semi-convex, differentiable)

> commodities (s;, 1;, d;) € VXVXR.

» construction costs &k, € R,

Ne
\
"
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— Continuous network design problem

51
» Graph G = (V, E)
> edge cost functions ¢, : R,—»>R,
(strictly increasing, semi-convex, differentiable)
> commodities (s;, 1;, d;) € VXVXR. /

» construction costs &k, € R,

Continuous network design problem \
ming , > . (cofe/ zo)fs + zeke)
S.t.: Z = (Ze)ecE > Ze € R4
f = (f,).ce iS @ Wardrop equilibrium - y
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— Continuous network design problem

S1 %)

» Graph G = (V, E) o

> edge cost functions ¢, : R,—»>R,
(strictly increasing, semi-convex, differentiable)

> commodities (s;, 1;, d;) € VXVXR.

N\

» construction costs &k, € R,

Continuous network design problem
min Dk (c.(f./ 2)f. + zok.)

S.t.: Z = (Ze)ecE > Ze € Ry

e

f = (f,).cr IS @ Wardrop equilibrium S t
2 1
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— Continuous network design problem

Continuous network design problem
min D ek (c(f./ 2)f. + z.k.)

S.L..Z= (Ze)eeEa Ze € IR+

f = (f,).ce iS @ Wardrop equilibrium
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— Continuous network design problem

Continuous network design problem
ming , > r (cofo! z)fe + zoke)

St.iZ= (Ze)eeEa Ze € IR+

f = (f,).ce iS @ Wardrop equilibrium equilibrium constraints
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— Continuous network design problem

Continuous network design problem
ming , > r (cofo! z)fe + zoke)

St.iZ= (Ze)eeEa Ze € IR+

f = (f,).ce iS @ Wardrop equilibrium equilibrium constraints

—~

feargming,, .. >..; /o ctlz)dt | potential function
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— Continuous network design problem

Continuous network design problem
ming , > r (cofo! z)fe + zoke)

St.iZ= (Ze)eeEa Ze € IR+

f = (f,).ce iS @ Wardrop equilibrium equilibrium constraints

tI

feargming,, .. >..; /o ctlz)dt | potential function

It

Y cpclfilz)(fs - g.) < 0 for all flows g | variational inequality
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— Example

4y — EEETTEEEE — 4y

flow f, capacity z, latency c.(f./z.)
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— Example

Ay — IEECTTEEEE — dh

flow f, capacity z, latency c.(f./z.)
CelfelZe)
>~
c
Q
1
Jelze
flow/capacity

M. Klimm: Network design under equilibrium constraints | 12—I



— Example

i e — i Y

flow f, capacity z, latency c.(f./z.)

Ce(fel2Ze) keze

latency
installation costs

Jelze Ze
flow/capacity capacity
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— Example

Ay — IEECTTEEEE — dh

flow f, capacity z, latency c.(f./z.)

» optimal capacity for c¢.(f./z,) = f./z.+ b
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— Example

Ay — IEECTTEEEE — dh

flow f, capacity z, latency c.(f./z.)

» optimal capacity for c¢.(f./z,) = f./z.+ b
> total costs for e: C, =routing costs + installation costs
= c,(f./2.)f, + k.2, = filz. + bf, + k.2,
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— Example

Ay — IEETTEEEE — dh

flow f, capacity z, latency c.(f./z.)

» optimal capacity for c.(f./z,) = f./z. + b
> total costs for e: C, =routing costs + installation costs
= clfelzofe + keze = folze + bfe + keze
> optimal capacity for e: 7' =£/V k,
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— Example

Ay — IEETTEEEE — dh

flow f, capacity z, latency c.(f./z.)

» optimal capacity for c.(f./z,) = f./z. + b
> total costs for e: C, =routing costs + installation costs
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— Example

A — IEETTEEEE — dh

flow f, capacity z, latency c.(f./z.)

» optimal capacity for c.(f./z,) = f./z. + b
> total costs for e: C, =routing costs + installation costs
= clfelzofe + keze = folze + bfe + keze
> optimal capacity for e: 7' =£/V k,

> optimal latency for e: ck =k, +0b

> optimal total costs fore: C; =(V k.+ b ++/ k),

M. Klimm: Network design under equilibrium constraints | 13—I



— Example

k,=1 for all e

o i
o o
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— Example

k,=1 for all e

c(f/z) = f/z + /5
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— Example

k,=1 for all e

c(f/z) = f/z + s

» min, (f/z+b)f + z attained for z* = f
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— Example

k,=1 for all e

c(f/z) = f/z + s

» min, (f/z+b)f + z attained for z* = f
» opt. total cost: (2 + b)f
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— Example

k,=1 for all e

c(f/z) = flz + )

» min, (f/z+b)f + z attained for z* = f
» opt. total cost: (2 + b)f

» experienced latency: 1 + b
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— Example

k,=1 for all e

c(f/z) = flz + )

» min, (f/z+b)f + z attained for z*=f » opt w/o equilibrium: 7 + !/,
» opt. total cost: (2 + b)f

» experienced latency: 1 + b
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— Example

k,=1 for all e

WO () = frz + s

» min, (f/z+b)f + z attained for z*=f » opt w/o equilibrium: 7 + !/,
» opt. total cost: (2 + b)f » sol w/ equilibrium: 7 + %/,

» experienced latency: 1 + b

M. Klimm: Network design under equilibrium constraints | 15—I



— Example

k,=1 for all e

— ®— ﬁ
c(frz) = flz + o\

» min, (f/z+b)f + z attained for z*=f » opt w/o equilibrium: 7 + 1/,

» opt. total cost: (2 + b)f » sol w/ equilibrium: 7 + %/,

» experienced latency: 1+ b » opt w/ equilibrium: 7.577
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— Example

Optimization under equilibrium

constraints
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— Previous work

» “one of the most important, difficult and challenging problems in

transport” [Yang, Bell ‘98]
» various heuristics e.g. [Dafermos ‘69][Dantzig et al. ‘79]
» approximation algorithm [Marcotte *85]

> 5/4-approximation for affine costs c(f/z) = a + b(fIz)
» closed formula for monomials c(f/z) = a + b(flz),

convergesto 2 asd = «
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— Previous work Our contribution

» “one of the most important, difficult and challenging problems in

transport” — APX-hardness [Yang, Bell ‘98]
» various heuristics e.g. [Dafermos ‘69][Dantzig et al. ‘79]
» approximation algorithm [Marcotte *85]

> 5/4-approximation for affine costs c(f/z) = a + b(fIz)
» closed formula for monomials c(f/z) = a + b(flz),

convergesto 2 asd = «

— approximation algorithm with improved guarantee
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Complexity




— Complexity
Theorem [Gairing, Harks & K., ‘14]

The CNDP is APX-hard.
» even if all costs are affine.
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— Complexity
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» even if all costs are affine.
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[Gairing, Harks & K., ‘14]
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— Complexity
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— Complexity

Theorem [Gairing, Harks & K., ‘14]

The CNDP is APX-hard.
» even if all costs are affine.
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— Complexity
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— Complexity
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Approximation




— The relaxation

Continuous network design problem — Relaxation
ming , > r (cofe/ zo)fs + zeke)
Stz = (Ze)eeEa Ze € IR+

f=(f,).ckis a flow

Lemma [Marcotte '85; Harks, Gairing, K., ‘14]
The relaxation can be solved in polynomial time.

- -
4 v
~>/\§
i}
=]

. -
‘M
-
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— Quality of the relaxation

Routing Cost of Wardrop equilibrium
Routing cost of optimum

» Price of Anarchy (PoA) =

Theorem [Roughgarden, Tardos '02; Correa at al. '04]

1 c(y-x)
POA < 1-u Where p —_ Supcecg x>0 maXye[O 1] Y( ¢(x) ).
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— Quality of the relaxation

Routing Cost of Wardrop equilibrium
Routing cost of optimum

» Price of Anarchy (PoA) =

Theorem [Roughgarden, Tardos '02; Correa at al. '04]
1 c(yx)
PoA < T u where L = SUDcew, x>0 MaAX,g(0,1] ’Y( (0 )
flow/capacity

M. Klimm: Network design under equilibrium constraints | 30—I



— Quality of the relaxation

Routing Cost of Wardrop equilibrium
Routing cost of optimum

» Price of Anarchy (PoA) =

Theorem [Roughgarden, Tardos '02; Correa at al. ‘04]

1 c(yx)
PoA < 1 u where L = SUP.ew, x>0 MaX,g(0,1] ’Y( (o )

cost

VX X

flow/capacity

»u=M/
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— Quality of the relaxation

Routing Cost of Wardrop equilibrium
Routing cost of optimum

» Price of Anarchy (PoA) =

Theorem [Roughgarden, Tardos '02; Correa at al. ‘04]

PoA < 7. where i = supeeg, 10 Max,eo1; Y ( C(Y'X)).

1-u c(x)

VX X VX X
flow/capacity flow/capacity
» =M/ »affine: p=1/4fory=1/2
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— Known results

» Solve the relaxation = Compute a Wardrop equilibrium

> 1/(1-pu(€))-approximation for all €
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— Known results

» Solve the relaxation = Compute a Wardrop equilibrium

> 1/(1-pu(€))-approximation for all €

) approximation guarantee
2 -

1,8 1 ® PoA ® Marcotte
16 1 e

14 |
1,2 1

1‘ t t t t :A
0 2 4 6 3 10
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— Known results

» Solve the relaxation = Compute a Wardrop equilibrium

> 1/(1-pu(€))-approximation for all €

» algorithm of Marcotte for monomials [Marcotte MP '85]
A . . .
> 1+ AR -approximation for monomials of degree A
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— Our contribution

Theorem [Gairing, Harks, K., '14]
There is a p-approximation with

(y+p+1)°
T (yHp+D)*-4dpy

approximation guarantee
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— Our contribution

Theorem [Gairing, Harks, K., '14]
There is a p-approximation with

b < — D’
T (yHpt1)?- dpy
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— Our contribution

Theorem [Gairing, Harks, K., '14]
There is a p-approximation with

b < — D’
T (yHpt1)?- dpy

Corollary
For affine latencies there is a 49/41-approximation.
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— Our contribution

Theorem [Gairing, Harks, K., '14]
There is a p-approximation with

b < — D’
T (yHpt1)?- dpy

Corollary
For affine latencies there is a 49/41-approximation.

» Proof: p=1/4and y = 1/2.
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Theorem [Gairing, Harks, K., '14]
There is a p-approximation with

b < — D’
T (yHpt1)?- dpy

Corollary
For affine latencies there is a 49/41-approximation.

» Proof: p=1/4and y = 1/2.

Corollary
For any € there is a 9/5-approximation.
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— Our contribution

Theorem [Gairing, Harks, K., ‘14]
There is a p-approximation with

(y+p+1)°
T (yHp+D)*-4dpy

Corollary
For affine latencies there is a 49/41-approximation.

» Proof: p=1/4and y = 1/2.

Corollary
For any € there is a 9/5-approximation.

» Prof: n<1and y <1 forall €, pnon-decreasing in pand v.
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— Our algorithm

Input: G = (V,E), (ce)
Output:

» Compute p,y

» (z, f) < Solution of the relaxation

ZeeE (Ce(fe/ Ze)fe)
ZeEE (Ce(fe/ze)fe + Zeke)

> P <
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— Our algorithm

Input: G = (V,E), (ce)

Output:

» Compute p,y

» (z, f) < Solution of the relaxation

ZeEE (Ce(fe/ze)fe) ('Y-|J+1)2
» D < p¥ <
¥ (cf/z)fe + zeke)

» let y, solve (c (x.)x,) = co(x./v.)
for x, =1,/z,

» zF—Y.2.VeeE

» return (z*, f)
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— Our algorithm

Input: G = (V,E), (ce)
Output:

» Compute p,y

» (z, f) < Solution of the relaxation

ZeeE (Ce(fe/ Ze)fe)
ZeEE (Ce(fe/ze)fe + Zeke)

> P <

» let vy, solve (c.(x)x.)" = colx./ ve)

for x, =1,/z,
P 2 =Yz VeeEE » * — Wardrop equilibrium for az*
» return (z*, f) » return (Az*, £*)
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— Our algorithm
Input: G = (V,E), (ce)
Output:

» Compute p,y

» (z, f) < Solution of the relaxation

ZeeE (Ce(fe/ Ze)fe)
ZeeE (Ce(fe/ze)fe + Zeke)

> P <

> let v, solve (c,(x.)x.) = cox./ v.)
for x, =1,/z,

iy z¥ < vy,z.Veek » £ «— Wardrop equilibrium for rz*
1> return (z* f) » return (Az*, )

[Marcotte, '85]
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— Proof idea

Theorem [Gairing, Harks & K., ‘14]
There is a p-approximation with

b < — D’
T (yHpt+1)?- dpy
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— Proof idea

Theorem [Gairing, Harks & K., ‘14]
There is a p-approximation with

b < — D’
T (yHpt1)?- dpy

» Separate analysis of the two cases: P

1+p min{1+p, 1+y(1-p)}
> Marcotte's algorithm:
> p = min{l+p, 1+y(1-p)}

P

0 1
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— Proof idea

Theorem [Gairing, Harks & K., ‘14]
There is a p-approximation with

b < — D’
T (yHpt1)?- dpy

» Separate analysis of the two cases: b
1+p min{1+p, I+y(1-p)}
> Marcotte's algorithm:

> p = min{l+p, 1+y(1-p)}

> A-algorithm:

> p < /p+Vu(p)

P

0 1
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— Proof idea

Theorem [Gairing, Harks & K., ‘14]
There is a p-approximation with

b < — D’
T (yHpt1)?- dpy

» Separate analysis of the two cases: P

14+p
> Marcotte's algorithm: (ytptD)?
(y+p+1)* - 4py

min{1+y, 1+y(1-p)}

> p = min{l+p, 1+y(1-p)}

> A-algorithm:

> p = Vp+ Vilp) o+ Vi)

|
0 (’Y-!J+1)2 1
(R +4p 14

P

—
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— Proof idea

Theorem [Gairing, Harks & K., ‘14]
There is a p-approximation with

b < — D’
T (y+pt+1)’- dpy

» Separate analysis of the two cases: P

14+p
> Marcotte's algorithm: (ytptD)?
(y+p+1)* - 4py

min{1+p, 1+y(1-p)}

b p = min{l+p, 1+y(1-p)}

> A-algorithm:

> p = Vp+ Vudp) Vo Vi)

|
O (’Y-!J+1)2 1
(R +4p 14

P
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— Approximation guarantee

Lemma
Approximation factor of Marcotte’s Algorithm < 1+.

» Let x, = £, /7,

» by local optimality of 7z, we have k. = c,(z.)z?

C(£,2%) = Y cel 2 /2007 + hezt = D (celwe) + ¢, (we)ze ) £

ecF eclE

/

_ _Ce(’YCC) — Ce(T)2 s.t. c.(x/v) = c.(x) + c.(x)x
P = m3><(7(1 . () )) = Vel + o (@)e S @) = cela) e(2)

C(f*,z) = Z Ce(Te/Ve)[F + keVezl

ecH

=3 (ce(a:‘e) + c’e(:ve):ve) fo+qeci(ze)Tefe

ecH

< (14 p)C(f*,z")
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— Conclusion

» Many networks used by se

» Networ

K C

networ

esign with equili

K C

esign

fish users

orium constraints harder than regular

» Approximation algorithms based on relaxation

> 49/41-approximation for affine costs

> 8/5-approximation for general costs

» Thank you
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