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How can road networks be designed 
so that good equilibria emerge?
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Continuous network design problem 

min f, z ∑e∈E (ce(fe / ze)fe + zeke) 
s.t.: z = (ze)e∈E , ze ∈ ℝ+

f = (fe)e∈E is a Wardrop equilibrium equilibrium constraints

⇔
f ∈ argmin g : g flow ∑e∈E ∫0

ge ce(t/ze) dt potential function

∑e∈E ce(fe/ze)(fe - ge) ≤ 0 for all flows g

⇔
variational inequality
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→APX-hardness
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Continuous network design problem — Relaxation 

min f, z ∑e∈E (ce(fe / ze)fe + zeke) 
s.t.: z = (ze)e∈E , ze ∈ ℝ+

f = (fe)e∈E is a flow

Lemma [Marcotte ’85; Harks, Gairing, K., ‘14]

The relaxation can be solved in polynomial time.
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Theorem [Gairing, Harks, K., ‘14]

There is a ρ-approximation with  
(γ+μ+1)2

(γ+μ+1)2 - 4μγρ ≤                                 .                            

Corollary
For affine latencies there is a 49/41-approximation.

▸ Proof: μ = 1/4 and γ = 1/2.

Corollary
For any ) there is a 9/5-approximation.

▸ Prof: μ ≤ 1 and γ ≤ 1 for all ), ρ non-decreasing in μ and γ.
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p < p*

▸   

▸ f* ← Wardrop equilibrium for λz*  
▸ return (λz*, f*)

p > p*

λ← µ + µ p
1− p

λ

[Marcotte, ’85]



 M. Klimm: Network design under equilibrium constraints | 

Proof idea
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Theorem [Gairing, Harks & K., ‘14]

There is a ρ-approximation with  
(γ+μ+1)2

(γ+μ+1)2 - 4μγρ ≤                                 .                            
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p
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Approximation guarantee
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Lemma
Approximation factor of Marcotte’s Algorithm ≤ 1+μ.

▸ Let xe = fe
*/ze

* 

▸ by local optimality of ze
*, we have  

▸ µ = 

C(f�, z�) =
�

e�E

ce(f
�
e /z�

e )f�
e + kez

�
e =

�

e�E

�
ce(xe) + c�

e(xe)xe

�
f�

e

ke = c�
e(xe)x

2
e

C(f�, z) =
�

e�E

ce(xe/�e)f
�
e + ke�ez

�
e

max
�

�
�
�
1 � ce(�x)

ce(x)

��
= �

c�
e(x)x

ce(x) + c�
e(x)x

s.t. ce(x/�) = ce(x) + c�
e(x)x

� (1 + µ)C(f�, z�)

=
�

e�E

�
ce(xe) + c�

e(xe)xe

�
f�

e + �ec
�
e(xe)xef

�
e
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Conclusion

▸ Many networks used by selfish users 

▸ Network design with equilibrium constraints harder than regular 

network design 

▸ Approximation algorithms based on relaxation 

▹ 49/41-approximation for affine costs 

▹ 8/5-approximation for general costs 

▸ Thank you
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